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By analyzing 482 pb −1 of e + e − collision data collected at the center-of-mass energy √ s = 4.009 GeV with the BESIII detector, we measure the branching fractions for the semi-leptonic decays D and D + s ) provide an ideal window to explore heavy quark decays, as the strong and weak effects can be well separated in theory. The Operator Product Expansion (OPE) model predicts that the partial widths of the inclusive SL decays of D 0(+) and D + s mesons should be equal, up to non-factorizable components [1] . However, the CLEO collaboration reported a deviation 18% for inclusive partial widths between D 0(+) and D + s SL decays, which is more than 3 times of the experimental uncertainties [2] . Ref. [3] argues that this deviation may be due to that the spectator quark masses m u and m s differ on the scale of the daughter quark mass m s in the Cabibbo-favored SL transition. Therefore, comprehensive or improved measurements of the branching fractions (BFs) for the exclusive SL decays of D 0(+) and D + s will benefit the understanding of this difference. Also, these measurements can serve to verify the theoretical calculations on these decay rates.
In recent years, the D 0(+) SL decays have been well studied with good precision [4] . However, the progress in the studies of the D + s SL decays is still relatively slow. Up to now, only D + s semi-electronic decays have been investigated by various experiments [5] [6] [7] [8] [9] , as their decay rates are expected to be sensitive to the η − η ′ mixing angle [10] .
In this paper, all measurements are preformed by analyzing the same data set as used in our previous measurements of D [8] . This data set, corresponding to an integrated luminosity of 482 pb −1 [11] , was collected at the center-of-mass energy √ s = 4.009 GeV with the BESIII detector.
II. BESIII AND MONTE CARLO
BESIII is a cylindrical spectrometer that is composed of a Helium-gas based main drift chamber (MDC), a plastic scintillator time-of-flight (TOF) system, a CsI (Tl) electromagnetic calorimeter (EMC), a superconducting solenoid providing a 1.0 T magnetic field and a muon counter in the iron flux return yoke of the magnet. The momentum resolution of charged tracks in the MDC is 0.5% at a transverse momentum of 1 GeV/c, and the photon energy resolution is 2.5%(5.0%) at an energy of 1 GeV in the barrel (endcap) of the EMC. More details about BESIII detector are described in Ref. [12] .
A GEANT4-based [13] Monte Carlo (MC) simulation software, which includes the geometric description of the BESIII detector and its response, is used to determine detection efficiencies and estimate background contributions. The simulation is implemented by the MC event generator KKMC [14] using EvtGen [15, 16] , including the beam energy spread and the effects of initial-state radiation (ISR) [17] . Finalstate radiation (FSR) of the charged tracks is simulated with the PHOTOS package [18] . An inclusive MC sample corresponding to an integrated luminosity of 11 fb −1 is generated at √ s = 4.009 GeV, which includes open charm production, ISR production of low-mass vector charmonium states, continuum light quark production, ψ(4040) decays and QED events. The open charm processes are simulated with cross sections taken from Ref. [19] . The known decay modes of the charmonium states are produced by EvtGen with the BFs quoted from the Particle Data Group (PDG) [4] , and the unknown decay modes are simulated by the LundCharm generator [20] . The SL decays of interest are simulated incorporating with the ISGW2 form-factor model [3] . (1) and
respectively. Where N D 
decays, respectively. The ST modes are selected separately according to their charges. Based on Eq. (1) and Eq. (2), the BF of the SL decay can be determined according to 2 . Photon candidates are chosen from isolated clusters in the EMC. The deposited energy of a neutral cluster is required to be larger than 25 MeV in the barrel region (| cos θ| < 0.80) or 50 MeV in the end-cap region (0.86 < | cos θ| < 0.92). The angle between the photon candidate and the nearest charged track should be larger than 10
• . To suppress electronic noise and energy deposits unrelated to the events, the difference between the EMC time and the event start time is required to be within (0, 700) ns. The π 0 and η candidates are reconstructed with γγ pair with invariant mass within (0.115, 0.150) and (0.510, 0.570) GeV/c 2 . To improve momentum resolution, a kinematic fit is performed to constrain the γγ invariant mass to the nominal π 0 or η mass, and the fitted momenta of π 0 or η are used in the further analysis. To select candidates of φ, ρ
mesons, the invariant masses of (′) µ + ν µ decays, the energy deposited in the EMC by muon is required to be less than 300 MeV and the maximum energy (E max extraγ ) of the extra photons, which are not used in the DT event selection, is required to be less than 200 MeV.
The undetected neutrino in the SL decay is inferred by a kinematic variable U miss ≡ E miss − | p miss |, where E miss ≡ √ s − j E j is the missing energy and p miss ≡ − j p j is the missing momentum. Here, the index j runs over all the particles used in the DT event selection, E j and p j are the energy and momentum of the j-th particle in the e + e − rest frame. The U miss distribution of the SL decays candidates is expected to peak near zero. To further suppress backgrounds from the hadronic decays D
and φ(η, η ′ )π + π 0 for semi-muonic decays, we define a variable δE = E beam − (E φ(η,η ′ ) + E µ + as π + + E νµ as π 0 ), where E φ(η,η ′ ) is the energy of φ(η, η ′ ) candidate, E µ + as π + is the energy of µ + candidate by assuming it is pion, and E νµ as π 0 is the energy of missing particle by assuming to be π 0 (calculated with p miss ). The DT candidate events are required to have δE within (−0.080, −0.010), (−0.100, 0), (−0.070, −0.015) and (−0.060, −0.015) GeV for D ST mode Table II , where the efficienciesǭ SL do not include the BFs of φ, η and η ′ in the SL decays. So, the BFs for the SL decays are determined by
where B sub denotes the BFs for the daughter particles φ, η and η ′ quoted from PDG [4] . Inserting the numbers of N + ν e , φµ + ν µ , ηµ + ν µ and η ′ µ + ν µ , respectively. These results are summarized in Table II .
IV. SYSTEMATIC UNCERTAINTIES
In the BF measurements using DT method, the systematic uncertainties arising from the ST selection are almost canceled. Main systematic uncertainties in the measurements for BFs of SL decays are discussed below.
a. ST yield. The uncertainty of the total ST yield is estimated to be 1.8% by comparing the integrated and counted ST yields (calculated by subtracting the background yields from total events without performing a fit) in the M BC signal region.
b. Tracking and PID. The uncertainties in the tracking and PID for charged kaon and pion are investigated with the control sample of DT hadronic DD events and are assigned to be 1.0% and 1.0% per track individually. The efficiencies of the tracking and PID for electron and muon are studied by varying with the polar angle cos θ and momentum with the control samples e + e − → γe + e − and e + e − → γµ + µ − events, respectively. These efficiencies are weighted according to cos θ and momentum distributions of the electron and muon in the SL decays. The resultant differences of the two-dimensional weighted tracking and PID efficiencies for electron and muon between data and MC simulation are regarded as the relevant uncertainties.
c. E To be conservative, we assign 2.5% to be the associated systematic uncertainty.
d. φ (η, η ′ ) reconstruction. The reconstruction efficiencies for the φ, η and η ′ candidates, which include the mass window requirement and photon selection, are estimated with the control samples of
The differences of efficiencies between data and MC simulation are estimated to be 0.4%, 2.3%, 2.5% and 2.8% for φ, η, η ′ π + π − η and η ′ γρ 0 , respectively, which are assigned as the associated uncertainties.
e. δE requirement. The uncertainties from δE requirements are estimated by varying the δE requirements by ±10%. The changes of the BFs, which are 0.7%, 1.2%, 1.7% and 1.8% for D 
are quoted from the PDG [4] . Their uncertainties are 1.0%, 0.5%, 1.6% and 1.7%, respectively.
The individual systematic uncertainties discussed above are summarized in Table III and the total systematic uncertainties are the quadratic sum of the individual ones. The sources tagged with ' c ' are common systematic uncertainties between the two η ′ decay modes and the other sources are independent. Finally, we assign 7.1% as the total systematic uncertainty for D
V. SUMMARY
In summary, by analyzing the 482 pb −1 data collected at √ s = 4.009 GeV with the BESIII detector, we determine the BFs for the SL decays D + s → φe + ν e , φµ + ν µ , ηµ + ν µ and η ′ µ + ν µ . Table IV presents [2] . Combining the previous BESIII measurements for semi-electronic decays [8] and this work, we calculate the ratios between the semi-electronic and semi-muonic decays, to be B(D 
is calculated to be 0.44 ± 0.23, which is in agreement with those of previous measurements [5, 7, 8, 23] within uncertainties and provides complementary data to probe the η − η ′ −glueball mixing.
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